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When moisture saturated composites are rapidly heated, the steam pressure inside cavities can cause the composite to
delaminate. We study the eﬀect of heating rate on the steam pressure inside an isolated long thin ‘‘crack-like’’ cavity of
thickness h assuming that the chemical potential of water is continuous across the cavity/polymer interface. For such a
cavity in an inﬁnite plate, we show there is suﬃcient moisture for the steam pressure to reach the saturated steam pressure,
irrespective of the heating rate. However, for a plate of thickness L exposed to dry air, the cavity pressure reaches a max-
imum value, which depends only on the normalized plate thickness, a = L/h and normalized heating rate,
b ¼ _Th2=T 0DðT 0Þ where _T is the heating rate, D(T0) is the moisture diﬀusivity at the initial temperature T0, before it decays
to zero because of the dry air outside. For this case, the maximum steam pressure can be signiﬁcantly less than the satu-
ration pressure. The results in this work can also be used to study popcorning observed in electronic packages.
 2005 Elsevier Ltd. All rights reserved.
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Polymer matrix composites exposed to humid air can absorb moisture in excess of 3% by weight. Absorbed
moisture can lead to failure or extensive internal damage in the form of micro-cracks, blisters and steam in-
duced delamination during rapid heating. Of particular relevance are graphite ﬁber/polyimide matrix compos-
ites. These composites represent an important class of materials for use in airframe (wings and control
surfaces), cryotanks and propulsion systems as well as other secondary support structures in future space
transport due to their high speciﬁc stiﬀness and strength properties at temperatures in excess of 300 C. This
has led to many studies on blister formation and growth in high temperature resins and composites (see
Bowman et al., 2001; Price et al., 1995; Rice and Lee, 1997).
The problem of moisture absorption and subsequent delamination is also important to the electronic
packaging community. When polymer-encapsulated microcircuits are exposed to high temperatures during0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.07.051
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Nomenclature
w moisture concentration
w0, w1 initial and equilibrium moisture concentration, respectively
D(T) moisture diﬀusivity at temperature T
T0, Tf initial and ﬁnal temperature, respectively
h normalized temperature, h  T/T0
_T heating rate
n0, n initial and ﬁnal number of moles of water per unit projected area in the cavity
p partial pressure of water vapor in the cavity
psat(T) saturated vapor pressure of pure water at temperature T
L, h plate thickness and cavity depth, respectively
k Henrys constant
/ normalized concentration
X normalized position
t; s normalized times
Mw molecular weight of water, 18 g/mol
R gas constant, 8.314 J/(mol K)
d dimensionless parameter, d ¼ RT 0w0MwpsatðT 0Þ
c dimensionless parameter in the ﬁnite plate problem, c = 1  w1/w0
a dimensionless parameter in the ﬁnite plate problem, a = L/h
b normalized heating rate, b ¼ _Th2=T 0DðT 0Þ
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due to moisture-induced delamination at the package interfaces. For more details, the readers are referred to
the articles by McCluskey et al. (1997), Gannamani and Pecht (1996) and the references therein.
There is a vast literature on moisture diﬀusion in polymers and polymer composites but the emphasis of
these studies is to predict the moisture concentration as a function of position and time. Until recently, much
less attention is given to micromechanical modeling of blister formation and the evolution of internal damage
due to moisture transport. The phenomenological aspect of moisture induced damage can be found in the
works of Loos and Springer (1981), Shirrel (1978), Whitney and Browning (1978). These authors have con-
ducted experiments which demonstrate that internal damage occurs when the composite is exposed to moist
air with high relative humidity and high ambient temperatures (Loos and Springer, 1981; Shirrel, 1978;
Whitney and Browning, 1978). Damage occurs even at zero heating rates with no applied mechanical load.
There is considerable experimental evidence which suggest that moisture transport is coupled to internal
damage (Shirrel, 1978), although the exact nature of this coupling has not been quantiﬁed. Indeed, for com-
posites with limited internal damage, the diﬀusivity of moisture is concentration independent (Whitney and
Browning, 1978). As damage accumulates, the moisture diﬀusivity is no longer concentration independent.
To model this phenomenon, it is necessary to develop a micromechanical model for moisture transport in
a porous medium. This work is a small step in this direction.
Moisture transport in composites is typically studied using weight gain experiments. In a typical test, the
amount of water absorbed is measured by exposing a composite plate to moist air with a ﬁxed relative humid-
ity at a ﬁxed temperature. As long as the internal damage is limited, moisture diﬀusion data can be ﬁtted using
Ficks law (Shirrel, 1978; Whitney and Browning, 1978). Although Ficks law has been used quite successfully
to interpret weight gain experiments, there are some shortcomings. Ficks law states that the moisture ﬂux is
proportional to the concentration gradient, whereas in reality, it is the gradient of the chemical potential of
moisture that drives diﬀusion. A formulation of moisture transport driven entirely by concentration gradient
has limitations; even in one-dimensional weight gain calculations. Recently, Hui et al. (2005) have shown that,
as long as the moisture content is suﬃciently low so that Henrys law is applicable, moisture transport is still
governed by the usual linear diﬀusion equation. However, the boundary condition must be modiﬁed to
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of such a physical boundary is the interface between a micro-cavity and the composite. In addition, Hui et al.
(2005) have also shown that the usage of Henrys law is consistent with the usual boundary conditions used in
weight gain experiments.
Based on this formulation, Hui et al. (2005) studied the build up of steam pressure inside an isolated cavity
in a moisture-saturated composite subjected to rapid heating. Exact closed form solutions were obtained for
the evolution of steam pressure inside a ‘‘crack-like’’ cavity under inﬁnitely fast heating in an inﬁnite and ﬁnite
plate. Explicit closed form expression for the characteristic time needed for the pressure to reach the saturation
steam pressure was obtained in the case of an inﬁnite plate. For a ﬁnite plate, the maximum steam pressure
inside the cavity is shown to depend on a single dimensionless parameter which depends on the cavity size, the
plate thickness, the initial moisture content and the thermodynamic properties of pure water. Similar calcu-
lations have been done to study the eﬀect of cavity shape by considering the steam pressure induced in a spher-
ical cavity (Muralidharan and Hui, in press). Since this inﬁnite heating rate solution provides an upper bound
for the steam pressure, it may be too conservative for optimal design. This limitation motivates us to study the
eﬀect of heating rate on the maximum steam pressure.
The plan of this paper is as follows. In Section 2, the problem formulation is given along with the normal-
ization scheme and boundary conditions. The solutions for the case of an inﬁnitely thick plate and ﬁnite plate,
heated at a ﬁnite rate are then presented in Sections 3 and 4, respectively. The summary of the main results and
future extensions of the present work are discussed in Section 5.
2. Problem formulation
The high stress in the neighborhood of long thin ‘‘crack-like’’ cavities makes such cavities an ideal candi-
date to study, since delamination is most likely to occur near the tips of these cavities. In this work, we con-
sider a single ‘‘crack-like’’ rectangular cavity in the mid-plane of a plate of thickness 2L + 2h. Speciﬁcally, the
lateral dimension of the cavity is assumed to be much greater than its thickness 2h so that moisture transport
through the lateral walls of the cavity can be neglected. This assumption and symmetry considerations allows
us to study the one dimensional diﬀusion problem illustrated in Fig. 1.
Initially, the composite is in thermal equilibrium with its environment which is held at temperature T0.
Without loss in generality, we assume that the composite is initially fully saturated, that is, the relative humid-
ity inside the cavity is 100%. The composite is subjected to the following thermal history:T ðtÞ ¼ T 0 þ
_T t 0 6 t 6 tf
T f tP tf
(where _T is the heating rate and tf is the time taken to reach the temperature Tf. For simplicity, we assume that
the composite is rigid so that the cavity is un-deformable. This assumption will slightly overestimate the rate of
pressure increase in the cavity. We expect the eﬀect of cavity deformation on moisture transport to be small,Fig. 1. Top half of the cavity and plate due to symmetry considerations.
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of the composite. An additional assumption of this work is to assume thermal equilibrium is achieved much
after than moisture equilibrium, this is a reasonable assumption since the thermal diﬀusivity of typical com-
posites is much larger than the moisture diﬀusivity. Thus, the thermal and the moisture diﬀusion problems can
be decoupled.
As in Hui et al. (2005) and Sullivan and Stokes (1997), the polymer and the water is treated as a binary
solution. Since diﬀusion is driven by the gradient of chemical potential l of the water, the moisture ﬂux, ~J ,
is given by (Shewmon, 1989):~J ¼ Mwrl ð1Þ
whereM is the mobility of water molecules in the composite. Using conservation of mass, the governing equa-
tion for moisture diﬀusion isr  ðMwrlÞ ¼ ow=ot ð2Þ
The chemical potential of the water in the polymer composite can be expressed in terms of the activity of the
water, a, in the composite:l ¼ l0ðT Þ þ RT ln aðx; t > 0Þ ð3Þ
where l0(T) is the chemical potential of pure water at temperature T. At suﬃciently small concentrations,
Henrys law is valid:aðx; t > 0Þ ¼ kðT Þwðx; t > 0Þ ð4Þ
where k(T) is Henrys constant. Substituting (3) and (4) into (1), the governing equation for moisture transport
isow
ot
¼ DðT Þ o
2w
ox2
ð5Þwhere D(T) =MRT is the diﬀusivity. The next step is to specify the behavior of k(T), psat(T) and D(T). Weight
gain experiments have shown that k(T) is quite insensitive to temperature (Deiasi and Whiteside, 1978; Loos
and Springer, 1981; Shirrel, 1978). Consistent with these observations, we assume k(T) = k(T0). The saturated
vapor pressure of water can be obtained from steam tables and is well approximated bypsatðhÞ ¼ exp A 1
1
h
  
ð6Þwhere psatðhÞ ¼ psatðT Þ=psatðT 0Þ, h  T/T0 and A  16. Fig. 2 plots the normalized pressure psatðhÞ against the
normalized temperature h.
Experiments have also shown that the dependence of diﬀusivity on temperature obey an Arrhenius equa-
tion (Rice and Lee, 1997; Whitney and Browning, 1978) which can be written asDðT Þ
DðT 0Þ ¼ exp B 1
1
h
  
ð7Þwhere B is a dimensionless material constant. For example, for AFR700B, which is a high-temperature ﬂuo-
rinated polyimide, Rice and Lee (1997)s data shows that B  13.7.
2.1. Normalization
To simplify the analysis, the concentration is normalized by w0 and distances by h, the cavity height./ ¼ w=w0 ð8aÞ
X ¼ x=h ð8bÞ
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Fig. 2. Plot of psatðhÞ and x(h) versus normalized temperature h. Arrows point to the appropriate axis labels.
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time ss ¼ 1
h2
Z t
0
DðT ðt0ÞÞdt0 ð8cÞUsing these normalized variables, the non-constant coeﬃcient linear diﬀusion equation (5) becomeso/=os ¼ o2/=oX 2 X > 0 ð9Þ2.2. Boundary conditions
For the case of inﬁnite plate, L/h =1, the material far from the cavity is fully saturated, i.e.,
/ðX !1; s > 0Þ ¼ 1 ð10ÞTo establish the boundary condition on the cavity/composite interface, if the water vapor inside the cavity is
treated as an ideal gas, we note that the chemical potential of water inside the cavity islc ¼ l0ðT Þ þ RT ln
p
psatðT Þ
ð11Þwhere p is the steam pressure inside the cavity. The chemical potential of water in the composite material adja-
cent to the cavity surface is obtained by evaluating (3) and (4) at X = 0, i.e.l ¼ l0ðT Þ þ RT lnðkðT ÞwðX ¼ 0; tÞÞ ð12Þ
Continuity of chemical potential at X = 0 implies thatkðT ÞwðX ¼ 0; tÞ ¼ p
psatðT Þ
ð13ÞSince initially the composite is fully saturated, (13) implies that k(T0)w(X = 0, t = 0) = 1 orkðT Þ ¼ kðT 0Þ ¼ 1=w0 ð14Þ
Using the ideal gas law, the steam pressure inside the cavity isp ¼ nðtÞRT
h
ð15Þ
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Z t
0
DðT ðt0ÞÞw;xðX ¼ 0; t0Þdt0 ð16Þwheren0 ¼ psatðT 0ÞhRT 0 ð17ÞThe ﬁrst term in (16), n0, is the initial number of moles of water per unit area inside the cavity while the second
term in (16) is the amount of water accumulated inside the cavity due to diﬀusion. The normalized boundary
condition on the cavity surface is obtained by combining (13)–(17); the result is/ðX ¼ 0; s > 0Þ ¼ h
psatðhÞ
1þ d
Z s
0
o/
oX

X¼0
ds0
 
ð18Þwhered ¼ RT 0w0
MwpsatðT 0Þ
ð19ÞThe initial condition is/ðX ; s ¼ 0Þ ¼ 1 ð20Þ3. Solution for the inﬁnite plate problem
The solution of (9) subjected to (10), (20) and /,XjX=0  f(s) is well known. In particular, the surface con-
centration is related to the unknown normalized ﬂux /,XjX=0  f(s) by/ðX ; s > 0Þ ¼ 1
Z s
0
f ðgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðs gÞp exp
X 2
4ðs gÞ
 
dg ð21ÞEq. (21) implies that at X = 0, we have/ð0; s > 0Þ ¼ 1
Z s
0
f ðgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðs gÞp dg ð22ÞCombining (18) with (22), we obtain the following integral equation governing the unknown surface ﬂux f:1
Z s
0
f ðgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðs gÞp dg ¼ xðhðsÞÞ 1þ d
Z s
0
f ðgÞdg
 
ð23Þor1 xðhðsÞÞ ¼
Z s
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðs gÞp þ dxðhðsÞÞ
 !
f ðgÞdg ð24ÞwherexðhðsÞÞ ¼ h
psatðhÞ
ð25ÞFig. 2 also plots the function x(h) against the normalized temperature h. Finally, note that (13) and (14)
imply that the normalized steam pressure is also the normalized concentration of water on the cavity surface,
i.e.p=psatðT Þ ¼ /ðX ¼ 0; sÞ ð26Þ
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from the numerical solution of (24), (22) is used to obtain the normalized concentration or the normalized
steam pressure inside the cavity. The numerical procedure used for the solution of (24) is given in Appendix
A.
To understand the eﬀect of heating rate and to plot the results in terms of normalized variables, we adopt
the following normalization scheme. During the heating phase, Eq. (8c) isFig. 3.
h = 10s ¼ T 0DðT 0Þ
_Th2
Z t
0
exp B
n
1þ n
  
dn ð27Þwhere t ¼ _T t=T 0. Eq. (27) shows that
t ¼ Xðbs;BÞ ð28Þwhere b is the normalized heating rate deﬁned byb ¼
_Th2
T 0DðT 0Þ ð29ÞSince by deﬁnition, h ¼ 1þt for t 6 tf, Eq. (28) implies that the x is a function of only bs and B. For tP tf,
h = hf = Tf/T0 and s depends on the heating rate.
The results for normalized surface concentration (also normalized pressure) and actual pressure for diﬀer-
ent normalized heating rates are plotted in Figs. 3 and 4. Results in all ﬁgures are based on T0 = 300 K and
Tf = 600 K. A cavity depth of 10 lm and a heating rate of 1 K/s corresponds to b = 0.05. Fig. 4 also plots the
cavity pressure under inﬁnite heating rate for comparison. This special case has a closed form solution which
was obtained recently by Hui et al. (2005). The steam pressure for this case is found to bepðX ¼ 0; sÞ ¼ psatðT fÞ½1 ð1 xfÞeserfc
ﬃﬃ
s
p  ð30Þ
Fig. 3 shows that, the normalized concentration or the normalized pressure decreases during the heating
phase (t 6 tf). The normalized concentration increases after the ﬁnal temperature is reached, due to moisture
diﬀusion to the cavity. Since in all practical cases, the normalized concentration is close to one, we conclude
that the composite carries enough moisture for the cavity pressure to build up to the saturation pressure. Thus,
for an inﬁnite plate, heating rate aﬀects only the time needed to reach the saturation pressure and has no eﬀect0 50 100 150 200 250 300 350 400 450
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Fig. 4. Plot of actual pressure versus time for diﬀerent normalized heating rates for inﬁnite plate case with h = 10 lm.
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ing, since the plate is inﬁnitely thick; steam can only enter the cavity and cannot escape. Thus, the maximum
pressure is always psat(Tf). The situation is quite diﬀerent if the plate has a ﬁnite thickness. Indeed, for suﬃ-
ciently thin plates, the maximum steam pressure can be much less than psat(Tf).
4. Finite plate thickness, ﬁnite heating rate
To study the dependence of the maximum steam pressure in the cavity as a function of plate thickness, we
solve the ﬁnite plate problem. The governing equations are still given by (9), (18) and (20). However, the
boundary condition (10) is replaced by/ðX ¼ a; s > 0Þ ¼ w1=w0 ¼ /1 ð31Þ
where a = L/h. This new boundary condition states that the external surface of the plate is in contact with dry
air; w1 is the long time moisture concentration of the plate and is assumed to be much smaller than w0. It is
convenient to introduce the function g = 1  /. Eq. (9) remains unchanged with this transformation, i.e.og=os ¼ o2g=oX 2 ð32Þ
whereas the boundary conditions become1 gðX ¼ 0; s > 0Þ ¼ h
psatðhÞ
1 d
Z s
0
g;X
X¼0ds0
 
ð33ÞandgðX ¼ a; s > 0Þ ¼ 1 /1  c ð34Þ
Thus, for the case of c = 1 (the plate is exposed to dry air of zero relative humidity, w1 = 0), the cavity pres-
sure goes to zero at long time. The new initial condition isgðX ; s ¼ 0Þ ¼ 0 ð35Þ
Eq. (33) can be converted to an integral equation with g,XjX=0 =  f(s) as the unknown. Details are given in
Appendix B. The resulting integral equation is
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p
X1
k¼0
ð1Þkþ1eð2kþ1Þ
2p2s
4a2
2k þ 1
2
4
3
5 ¼ Z s
0
f ðgÞ dxðhðsÞÞ þ 2
a
X1
k¼0
eskðsgÞ
" #
dg ð36ÞOnce the normalized ﬂux f is obtained by solving (36), the normalized pressure or the normalized concen-
tration on the cavity surface is determined using (B.12). The numerical procedure used to solve (36) is given in
Appendix C. From (28) to (36), it can be inferred that/ ¼ /ða; b; s;B; c; dÞ; t 6 tf ð37aÞ
/ ¼ /ða; b; hf ; s;B; c; dÞ; tP tf ð37bÞSince the plate is exposed to dry air and the initial conditions and ﬁnal temperature are ﬁxed, the parameters c,
d and hf are ﬁxed in all our calculations. In particular, for c = 1, the normalized pressure vanishes at long
times. It can be seen from (37) that the maximum normalized pressure depends only on the dimensionless
parameters a, b when plotted against the normalized reduced time s. The results are shown in Figs. 5–9.pmax ¼ psat/maxða; bÞ ð37cÞ
Fig. 5 plots the cavity pressure versus time for c = 1 for diﬀerent values of the parameter a for a heating rate
of 2 K/s or b = 0.1. Fig. 6 plots the cavity pressure against the reduced time s. Although Fig. 5 provides better
physical insight in terms of actual time, Fig. 6 in universal i.e. only parameters a and b are involved when plot-
ted against s as pointed above. There is competition between moisture entering the cavity and moisture escap-
ing from the material to the surroundings. The former causes the steam pressure to increase whereas reverse is
true for the latter. As a consequence, the pressure always reaches a maximum before it decays to zero. It can be
seen that the maximum pressure is much less than psat(Tf) even for a = 100 (for example, a 10 lm cavity in a
1 mm thick sample). In addition, the pressure decays rapidly once the maximum is reached. Fig. 7 plots the
cavity pressure versus time for c = 1 and diﬀerent values of parameter a for b = 0.5 and Fig. 8 is the equivalent
plot against the reduced time s. For the same a, higher pressures are reached for higher heating rates because
there is lesser time for moisture to escape. Fig. 9 plots the maximum pressure as a function of a for diﬀerent
normalized heating rates. This plot shows that the maximum pressure can be signiﬁcantly reduced in relatively
thin samples by lowering the heating rate. The maximum pressure is reached during the heating phase for rel-
atively thin samples (a 6 100 for _T ¼ 2 K=s) and is reached after the ﬁnal temperature is reached for thicker
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Fig. 5. Plot of cavity pressure versus time for diﬀerent normalized plate thickness for _T ¼ 2 K=s or b = 0.1.
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Fig. 7. Plot of cavity pressure versus time for diﬀerent normalized plate thickness for _T ¼ 10 K=s or b = 0.5.
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Fig. 6. Plot of cavity pressure versus reduced time s for diﬀerent normalized plate thickness for _T ¼ 2 K=s or b = 0.1.
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The steam pressure inside a micro-cavity when a moisture saturated polymer composite is heated is deter-
mined using by assuming the chemical potential of water is continuous across the cavity/polymer interface. In
this work we consider a single isolated ‘‘crack-like’’ cavity in a composite plate. However, the formulation in
this work can be used to compute the cavity pressures in a composite containing a large number of cavities of
diﬀerent size and shape. For the case of an isolated cavity in an inﬁnite plate, we showed that there is suﬃcient
moisture for the steam pressure to reach the saturated steam pressure at that temperature and the maximum
pressure is always psat(Tf) irrespective of the heating rate. However, in the case of a ﬁnite plate, there is
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Fig. 9. Plot of maximum cavity pressure versus a for diﬀerent normalized heating rates (b = 0.05, 0.1 and 0.5 corresponds to heating rates
of 1, 2 and 10 K/s, respectively for h = 10 lm).
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Fig. 8. Plot of cavity pressure versus reduced time s for diﬀerent normalized plate thickness for _T ¼ 10 K=s or b = 0.5.
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imum cavity pressure depends only on the normalized plate thickness, a = L/h and normalized heating rate,
b ¼ _Th2=T 0DðT 0Þ before it decays to zero because of the dry air outside. It was also shown that the eﬀect of
heating rate on the maximum pressure reached is signiﬁcant in relatively thin samples; for example, the max-
imum pressure can be signiﬁcantly less than psat(Tf) when a 6 50. Although all the examples in this work are
based on the temperature range from 300 K and 600 K, the analysis is not restricted to this temperature range.
Once the model for time dependent driving force causing damage is developed, it can be used to study the
interactions between cavities and other forms of damages, such as interfacial cracks. Such a model can even-
tually lead to a micromechanical based continuum model for damage evolution in a composite. The result of
6096 V. Muralidharan, C.-Y. Hui / International Journal of Solids and Structures 43 (2006) 6085–6099this present work could be used to construct an envelope of safe operation of composite and would also permit
comparison with experimental results, which are being carried out at present to measure cavity pressures at
diﬀerent heating rates.
There are some limitations in our present model. The assumption that the activity of water in the polymer
obeys Henrys law merits further scrutiny since experiments supporting this result are carried out in a limited
temperature range. If Henrys law is not satisﬁed, the governing equations will be nonlinear and are much
more diﬃcult to solve. Another limitation of our model is the use of the ideal gas law (which underestimates
the number of moles of water needed to create a given pressure) to compute the steam pressure. The eﬀect of
non-ideal gas behavior on cavity pressure needs to be investigated.
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Appendix A. Numerical solution of the integral equation (24)
Eq. (24) is a Volterra integral equation of the ﬁrst kind, which can be written asZ s
0
Kðs; gÞf ðgÞdg ¼ gðsÞ ðA:1ÞSuppose we divide the interval [0, s] into n equal steps, of size D, i.e.½0; s ¼
[n
k¼1
Ikwhere Ik = [sk,sk+1], k = 1, . . . ,n  1. Within each of these intervals, we approximate the unknown function
f(g) by a straight line, i.e.f ðgÞ ¼ f ðgkÞ þ
f ðgkþ1Þ  f ðgkÞ
D
ðg gkÞ g 2 Ikor in abbreviated notation:f ðgÞ ¼ fk þ fkþ1  fkD ðg gkÞ ðA:2ÞIt is easy to see that we can write (A.1) asXn1
k¼1
½AkðsnÞfk þ BkðsnÞfkþ1 ¼ gðsnÞ; nP 2 ðA:3ÞEq. (A.3) may be rearranged to give:A1ðsnÞf1 þ
Xn1
k¼2
½AkðsnÞ þ Bk1ðsnÞfk þ Bn1ðsnÞfn ¼ gðsnÞ ðA:4ÞA lowest order asymptotic analysis shows that f1 = g1 = 0. We can solve (A.4) iteratively. In general, for
m = 2, . . . ,n, we haveBm1ðsmÞfm ¼ gðsmÞ 
Xm1
j¼1
AjðsmÞfj 
Xm1
j¼2
BjðsmÞfj; ðA:5Þ
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For g 2 Ik = [sk,sk+1]f ðgÞ ¼ fk þ ðfkþ1  fkÞD ðg skÞ ¼ ak þ bkg Ik ¼ ½sk; skþ1 ðA:6Þwhereak ¼ fk 1þ skD
 	
 fkþ1
D
sk; bk ¼ fkþ1  fkD ðA:7ÞWe need to evaluate integrals of the form:Lk ¼
Z skþ1
sk
ak þ bkgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðs gÞp dg ðA:8Þ
Mk ¼ xðsnÞd
Z skþ1
sk
ðak þ bkgÞdg ðA:9ÞNote Z s
0
Kðs; gÞf ðgÞdg ¼ Lk þMkNow Z skþ1
sk
akﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðsn  gÞ
p dg ¼ 2akﬃﬃﬃ
p
p Dﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sn  skp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skþ1p ðA:10ÞZ skþ1
sk
bkgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðsn  gÞ
p dg ¼ 2bkD
3
ﬃﬃﬃ
p
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skp þ skþ1 þ 2snﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skþ1p þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skp
 
ðA:11ÞSoLk ¼ c1kakDþ c2kbkD
c1k ¼ 2ﬃﬃﬃpp 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skþ1p
c2k ¼ 2
3
ﬃﬃﬃ
p
p  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skp þ skþ1 þ 2snﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skþ1p þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃsn  skp
  ðA:12Þfor k = 1,2, . . . ,n  1. Also,
Mk ¼ c3kakDþ c4kbkD;
c3k ¼ xðsnÞd;
c4k ¼ xðsnÞd sk þ skþ1
2
 	 ðA:13Þ
Using (A.7), we haveAkðsnÞ ¼ ½ðDþ skÞðc1k þ c3kÞ  ðc2k þ c4kÞ
BkðsnÞ ¼ ½ðc2k þ c4kÞ  ðc1k þ c3kÞsk ðA:14ÞAppendix B. Laplace transforms solution for ﬁnite plate problem
Taking the Laplace transform of (32) and using (35), we obtain~gðX ; sÞ ¼ AðsÞe
ﬃ
s
p
X þ BðsÞeX
ﬃ
s
p
ðB:1Þ
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beAðsÞ ¼
cﬃ
s
p  ~f ðsÞea ﬃspﬃﬃ
s
p ðea ﬃsp þ ea ﬃsp Þ ; BðsÞ ¼
cﬃ
s
p þ ~f ðsÞea ﬃspﬃﬃ
s
p ðea ﬃsp þ ea ﬃsp Þ ðB:2Þ
The normalized cavity pressure p/psat(T) is 1  g(X = 0,s). Using (B.2) in (B.1) we get~gðX ¼ 0; sÞ ¼ Aþ B ¼
~f ðsÞ sinhða ﬃsp Þﬃ
s
p þ cs
coshða ﬃﬃsp Þ ðB:3Þ
The exact solution of g(X = 0,s) can be obtained using the inversion formulagðX ¼ 0; sÞ ¼ 1
2pi
Z cþi1
ci1
~gðX ¼ 0; sÞessds ðB:4Þwhere the integral in (B.4) is evaluated along any line Re s = c to the right of all singularities of ~gðX ¼ 0; sÞ.
The complex path integral (B.4) can be evaluated using residue theorem, the solution isgðX ¼ 0; sÞ ¼
X
k
Res½ess~gðX ¼ 0; sÞjsk ðB:5Þwhere Res½ess~gðX ¼ 0; sÞjsk denotes the residue of ess~gðX ¼ 0; sÞ at sk and sk are the singular points of
~gðX ¼ 0; sÞ. Let us ﬁrst evaluate the inverse of the term c=s coshða ﬃﬃsp Þ ﬁrst, the singularities of which are lo-
cated at s = 0 which is a simple pole, and at the zeroes of coshða ﬃﬃsp Þ. The zeroes of coshða ﬃﬃsp Þ aresk ¼ ð2k þ 1Þ
2p2
4a2
ðB:6Þwhere k is any integer.Res
ess
s coshða ﬃﬃsp Þ
 
sk
¼ c 1þ 4
p
X1
k¼0
ð1Þkþ1eð2kþ1Þ2p2s=4a2
2k þ 1
" #
ðB:7ÞApplying the convolution theorem, we also have‘1 ~f ðsÞ tanhða
ﬃﬃ
s
p Þﬃﬃ
s
p
 
¼
Z s
0
f ðgÞ‘1 tanhða
ﬃﬃ
s
p Þﬃﬃ
s
p
 
dg ðB:8Þ
‘1
tanhða ﬃﬃsp Þﬃﬃ
s
p
 
¼
X
k
Res esðsgÞ
tanhða ﬃﬃsp Þﬃﬃ
s
p
 
sk
ðB:9ÞThe singularities of tanhða ﬃﬃsp Þ= ﬃﬃsp are the same as the zeroes of coshða ﬃﬃsp Þ and are given by (B.6). Hence,
‘1 ~f ðsÞ tanhða
ﬃﬃ
s
p Þﬃﬃ
s
p
 
¼ 2
a
Z s
0
f ðgÞ
X1
k¼0
eskðsgÞdg ðB:10ÞCombining (B.7) and (B.10), we getgðX ¼ 0; sÞ ¼ c 1þ 4
p
X1
k¼0
ð1Þkþ1eð2kþ1Þ2p2s=4a2
2k þ 1
" #
þ 2
a
Z s
0
f ðgÞ
X1
k¼0
eskðsgÞdg ðB:11ÞThe normalized concentration at the cavity surface is given by/ ¼ 1 gðX ¼ 0; sÞ ¼ xðhðsÞÞ 1þ d
Z s
0
f ðgÞdg
 
ðB:12ÞUsing (B.11) in (B.12), we get1 xðhðsÞÞ  c 1þ 4
p
X1
k¼0
ð1Þkþ1eð2kþ1Þ2p2s=4a2
2k þ 1
" #
¼
Z s
0
f ðgÞ dxðhðsÞÞ þ 2
a
X1
k¼0
eskðsgÞ
" #
dg ðB:13Þ
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The numerical procedure adopted is the same as in Appendix A. Eqs. (A.13) and (A.14) are unaltered but
Eq. (A.12) isLk ¼ c1kakDþ c2kbkD
c1k ¼
X1
m¼0
2½esmðsnskÞ  esmðsnskþ1Þ
smaðskþ1  skÞ
c2k ¼
X1
m¼0
2esmsn
smaðskþ1  skÞ e
smsk sk þ 1sm
 
 esmskþ1 skþ1 þ 1sm
   ðC:1ÞThe function g(s) on the right-hand side of (A.1) becomesgðsÞ ¼ 1 xðhðsÞÞ  c 1þ 4
p
X1
k¼0
ð1Þkþ1eð2kþ1Þ2p2s=4a2
2k þ 1
" #
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